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" Abstract 

Global dimensions for fusion categories defined by a pair (G, k), where G is a Lie group and 
k a positive integer, are expressed in terms of Lie quantum superfactorial functions. The global 
dimension is defined as the square sum of quantum dimensions of simple objects, for the category 
of integrable modules over an affine Lie algebra at some level. The same quantities can also 
be defined from the theory of quantum groups at roots of unity or from conformal field theory 
WZW models. Similar results are also presented for those associated module-categories that can 
be obtained via conformal embeddings (they are "quantum subgroups" of a particular kind). 
Some calculations use the correspondence existing between periodic quivers for simply-laced Lie 
groups and fusion rules for module-categories of type SU(2). 

Keywords: Lie groups; fusion categories; conformal field theories; quantum symmetries. 
Classification: 81R50; 81T40; 18D10; 33E99. 



1 Introduction 

Let k be a positive integer and G a simple, compact Lie group and Lie(G) its complex Lie 
algebra. We call Ak(G) the category of integrable modules of the Kac- Moody algebra associated 
with Lie{G) at level k, see e.g. It is semi-simple, monoidal (use the fusion product), and 

modular. It is also equivalent [3 [14] to a category constructed in terms of representations of the 
quantum group G q at root of unity q = exp( N V r +k ), where 7V V is the dual Coxeter number of G 
(take the quotient of the category of tilting modules by the additive subcategory generated by 
indecomposable modules of zero quantum dimension). These categories plays a key role in the 
Wess - Zumino - Witten models of conformal field theory. 

One can associate a quantum dimension (or Perron-Frobenius dimension) n to the objects 
of Ak(G), and since there are finitely many simple objects n, we can sum the square of their 
quantum dimensions jji{n) to define a global dimension |.Ak(G)| = Yl n l J '(. n ) • One P ur P ose 
of this paper is to obtain an explicit formula for this number, that generalizes the notion of 
order for a finite group. The formula obtained in the sequel involves a quantum version of the 
superfactorial where the product is done over q-integers associated with the exponents of the 
chosen Lie group. This function, that we call quantum Lie superfactorial of type G, is therefore 
a kind of generalization of the quantum Barnes function (for the latter, just take G = SU(N)). 

Another purpose of this paper is to obtain an explicit formula for the global dimension of 
a large class of module-categories £ associated with Ak(G), namely those modules that can be 
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obtained via conformal embedding of G, at level k in a larger Lie group J, at level 1 (see the text 
for details). Using another language, a module-category such as £ is a "quantum subgroup" of 
the quantum group G qi for q a root of unity. Such quantum subgroups come in two sorts, type 

1 and type 2, and conformal embeddings give rise to (particular) quantum subgroups of type 1. 

Some of the results described in the present article were presented at a conference held in 
Cordoba (Argentina), in 2010. The article [3J, from the proceedings, gives proofs and examples 
but does not detail the calculations leading to our definitions for the quantum Lie superfactorial 
of type G, in particular when the latter is exceptional. Our proof of the formula for |.Afc(G)| 
uses several known facts that will be recalled in the text but also an expression of the Weyl 
denominator (classical or quantum) that relies on explicit results for periodic quivers of roots 
associated with simple Lie groups G. The latter are here obtained in terms of structure coef- 
ficients (fusion numbers) for modules over the Grothendieck ring associated with the category 
Ak(SU(2)). The quantum McKay correspondence relating ordinary ADE Dynkin diagrams and 
quantum subgroups of type SU(2) has been known for many years and goes back to [2], but 
here we use it as a tool, in the sense that we exploit a correspondence previously described in 
[T9] between periodic quivers for G (see for instance [16]) and an underlying quantum SU(2) 
theory. This little known relation is only briefly mentioned and used in [3J, but no description 
of the corresponding methods is available, for this reason the discussion to be found in [6] can be 
of independent interest. This should make our paper reasonably self-contained. 

Section 2 summarizes the main results concerning the global dimension of the fusion category 
Ak{G) and (a particular family of) associated modules categories £ . Sections 3 and 4 gives details 
and proofs, respectively for Ak(G) and for £. The definition of the quantum Lie superfactorial, 
for all cases, including the non simply laced cases, is given at the end of section 3. Section 5 
discusses a few examples and applications, as well as possible extensions of the present work. 
Section 6, devoted to the periodic quiver representation of the Weyl vector, uses the already 
mentioned correspondence between periodic quivers of roots, for simply-laced simple Lie groups, 
and module-categories of type SU(2), but the discussion is extended to the non simply laced 
cases. This section is largely independent of the others and can be read independently; however, 
the corresponding results are needed at the end of section 3. 

Remark: the global dimension of G at level k is formally equal to the square inverse of the 
Chern-Simon partition function|27|. for connections on G-principal bundles on the sphere S 3 . 
The topics discussed in this paper are therefore also related to differential geometry and to the 
theory of quantum invariants for knots. 

2 Main results 

If n is a real number and q is complex, there are two standard conventions for the definition of 
q-numbers ("quantum numbers"), leading to [n] q or to Both are recalled below. 

q n _ q -n 1 _ q n 

[n g = — and [[n]} q = - 

q — q 1 1 ~ <Z 

In the present paper we mostly use the first convention, and sometimes omit the surrounding 
square bracket, setting n q = [n] q . 

We shall need the following definitions: 

Definition 1 Let G be a simply-laced complex simple Lie group and let q be a complex number. 
Call Exp the multiset of exponents of G. We define the quantum Lie superfactorial of type G: 

sf G [«]= n m'« 

s(E£ xp 

Here [s]\ q denotes the quantum factorial of s, i.e., [s]\ q = n™=i[ 71 ]<j- 
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For non-simply- laced cases (G not of type ADE), our definition of the quantum Lie superfactorial 
functions involves appropriate multiplicative factors that are given at the end of section [3] 



For fusion categories of the kind studied in this paper, the global dimension is given by: 

Theorem 1 Let G a simple Lie group with rank r, Coxeter number N , dual Coxeter number 
N v , and let k be a non-negative integer. The global dimension of the fusion category Ak(G) is 
given by 

\mg)\ = y: Kn? = — {NV+ %. N — 

2rNA ( s ™N^Tk) {sfG[q])2 

where sf G[q] is the quantum Lie superfactorial of type G, A is the determinant of the fun- 
damental quadratic forn\^, and q = expi7r/(A v + k). 

We then suppose that the fusion category Ak (G) is given, and we consider module-categories 
£k(G) associated with it. As before, our purpose is to calculate their global dimensions. The 
simplest situation occurs when the module-category £k(G) is associated with the conformal 
embedding of Lie(G), at level k, into another Lie algebra Lie(J), at level 1. The definition of 
conformal embeddings belongs to the lore of affinc Lie algebras but we re-write it here in a way 
that uses only the properties of finite dimensional Lie algebras. 

Definition 2 Let G and J be simple Lie groups, and k,£ be positive integers. There is a 
conformal embedding of G at level k, in J at level £, if the following three conditions are satisfied: 
1) There is an embedding of the Lie algebra Lie(G) into Lie(J), 2) The Dynkin index of the 
embedding is equal to k, 3) If Nq and Nj are the dual Coxeter numbers of G and J , the following 
equality holds: dlr ^!^ v* k = ^iqr^ v* ^ ■ We call c the common value of the last two expressions. 

the integer £ is not specified, it is understood that £ — 1 . If G is semi-simple, not simple, 
the same definition holds, but now k = (fcj) is a multi-index, the quantity Ci is defined for each 
simple component Gi of G and the equality of central charges (condition 3) should hold for 

c = 

Starting with such a conformal embedding (Lie(G), k) C (Lie( J),£ = 1), a known con- 
struction - that will be recalled in a latter section - allows one to determine a particular 
module-category £ that, in some sense, "measures" the embedding. 

Theorem 2 Consider a conformal embedding of the simple or semi-simple Lie group G, at level 
k, in the simple Lie group J, at level 1. This embedding is associated with a module- category 
£ = £k{G), with an action of the fusion category A = Ak(G). The global dimension of £ is 
given by: 

\£\ = V\A\ x \J\ 

where \ J\ is the global dimension of the fusion category J = Ai{J). 

3 Global dimension for the fusion category Ak{G) 

Although sometimes written differently, the results that we need and that are recalled in the 
next four subsections are standard. The hurried reader may directly jump to the fifth, and last, 
subsection, where the relation with (quantum) superfactorial functions is established. 



1 Calling L the Cartan matrix, D — diag(5 s ) the diagonal symmetrizing matrix normalized in such a way that its 
largest entries are equal to 1 (equivalently, the long roots have norm 2), and K — L~ 1 D, then A = det(K) is the 
inverse of the index of the sublattice of long roots in the weight lattice. For simply laced cases, A = det(L)^ 1 . 

2 This is what will be assumed from now on: we set £ = 1. 
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The quantum Weyl formula and the quantum Weyl denominator 



If a representation n exists at level k, its quantum dimension /x(n) at that level is given by the 
quantum version of the Weyl formula recalled below, with q = exp(iTr/(N + k)). The classical 
dimension is recovered by taking q = 1. This expression is usually obtained from the theory of 
quantum groups or from the theory of affine Lie algebras, but we take it here as a definition. 
Supposing n irreducible, we use the same notation^ for the representation and its highest weight. 



M (n) = n 



(n+ g,a) q 



a >o &<*) 9 

Here g is the Weyl vector, a runs over the set of positive roots, and (.., ..) q denotes the q- 
numbcr [(.., ..)] q associated with the inner product between the chosen weights (we do not write 
the surrounding square bracket). Using the n q = [n] q convention to define the ^-numbers (g, a) q , 
one hafi 

Definition 3 The quantum Weyl denominator of a Lie group G at level k is defined as T>w = 
lla>0 (Q> a )i 

Action of 5L(2,Z) and the Kac-Peterson formulae 

Action of the group SX(2,Z) on the vector space spanned by the simple objects m,n... of 
the modular category Ak(G) is described by matrices S and T representing the two generators 
t i — y — 1/t and r n> r + 1 of the modular group. This representation (actually a representation 
of the double cover), known by Hurwitz long ago [9] for G = SU(2), is given, for arbitrary 
simple Lie groups, by the following formulae |12j : 



2m(w(m + g),n + g) 



2>TT 



S - — v Vee N v + k T =e 

mn _ (tvv + fry/2 tw e > mn e 



(m + g, m + g) (g, g) 
2(7V V + k) ~ 2N^ 



- S„ 



where 7V V is the dual Coxeter number, k is the level, w runs over the Weyl group W of G, e w is 
the signature, r is the rank of G, g is the Weyl vector, E + is the number of positive roots (also 
equal to the sum of exponents, i.e., to r N/2 where N is the Coxeter number), and A is the 
determinant of the fundamental quadratic form. With these definitions one has (ST) 3 = S 2 — C, 
the "charge matrix" satisfying C 2 = t. The matrix S is unitary and symmetric. The diagonal 
matrix T, which is related to the quadratic Casimir operator, will not be needed it in the sequel. 



Prom the matrix element Sqq to the quantum Weyl denominator 

Let a be a positive root, g the Weyl vector, and q = exp(ii: / (g + k)). The q-scalar product 
(g,a) q = (g( e ' Q ) — q~^ e ' aSl ) / (q — <z _1 ), where (., .) is the fundamental quadratic form, can be 
written 

(g, a) q = {exp(-) - exp( — )) [—— \ / [2i sin — — ) 
2 2 k + g g + k 

where e A is a formal exponential defined by e x [fj] = e^ X '^ , for A, /i, arbitrary elements of the 
space of weights. A standard manipulation (see for instance [5]) allows one to write 

rj(e Q/2 -e- Q / 2 )= £ ew&WS 

Q>0 w£W 

Taking m = n = 0, the trivial weight, in the Kac-Peterson formula for S mn , and using the fact 
that the number of positive roots is rN/2, one obtains the following result (notice that the i 
factors cancel): 



3 On purpose, we use the same notation for integers (say n), so that, for G = SU(2), an irreducible representation n 
of highest weight n has (classical) dimension n + 1 and quantum dimension /x(n) = [n + l] q at level k. 

4 The quantity T>w defined below would read differently if we were using another convention for g-numbers. 
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The element Soo of the modular matrix S and the quantum Weyl denominator T>w = 
ria>o {Qi a )q are reiated as follows (although sometimes written differently, see for instance [Jf, 
this is certainly well known): 



(9 + kY 



Quantum dimensions, global dimension, and the S matrix 

Straightforward manipulations on the quantum Weyl formula, analogous to the previous ones, 
lead to the following equality, which is sometimes used, in other contexts, to define quantum 
dimensions themselves: 

fi(n) = S n o/SoQ 

Both numerator and denominator are positive real numbers, and unitarity of the S matrix 
implies ^ n |SVio| 2 = 1. In particular, the global dimension |„4fc(G)|, defined as sum of squares 
of the q-dimensions of its simple objects, can be expressed as: 



02 



From the expression for Sqq obtained in the last subsection, one gets: 

(9 + k) r 



\A k (G)\ = — N 

2 rN A ( sin — ^— I V 2 



Prom the (quantum) Weyl denominator to (quantum) Lie superfactorials 

The last step of the proof of Theorem 1 finally relies on the following equality: 

Lemma 1 The quantum Weyl denominator of G is equal to the quantum superfactorial of type 
G. In other words : T>w — s{g[<}]- 

The functions sf a [<?] are defined at the end of this section. 

Although a seemingly simple enough property, we could not find a precise reference, in the 
literature, besides [3], that would express, for all cases, the Weyl denominator of G in terms of 
superfactorial functions associated with exponents, like what we do in Lemma 1. However, in 
the case G = A r it is a familiar result that the Weyl denominator T>w is a product of succes- 
sive factorials; this is clear from the Schur formula that can be used to calculate dimensions of 
irreducible representations described by Young tableaux. Writing the result in terms of expo- 
nents of the group SU(r + 1) is immediate since the latter arc given by the consecutive integers 
{1, 2, . . . r}. More generally, for classical Lie groups or Lie algebras (series A r , B r ,C r , D r ), the 
fact that one can express the (classical) Weyl denominator in terms of a product of factorials 
associated with the exponents seems to belong to the folklore, and the property is also hidden in 
the generalized hook dimension formula for representations of classical groups. Therefore, even 
if not phrased in the same way, we shall consider that the result for classical series is known, 
and we shall concentrate on the exceptional cases. We need explicit results both for the classical 
and for the quantum Weyl denominator. 

Wc find convenient to gather the table of scalar products (q, a) (between the Weyl vector and the 
positive roots) in the periodic quiver of G, also called ribbon diagram of G [17], [20]. We shall 
obtain the results for the Weyl denominator by inspection, ie from its explicit determination in 
all cases. As announced in the introduction we shall use the quantum McKay correspondence 
in an operational way in the sense that we shall use the fusion numbers for module-categories 
of type SU(2) to determine the periodic quiver representation of the (classical) Weyl vector, 
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for all Lie groups. Since these results, together with their relations with fusion numbers for 
module-categories of type su(2), do not seem to be available elsewhere, and since the method 
used to obtain them may be of independent interest, we gather them in section [6] 
What we need to complete our analysis is however a result for the quantum Weyl denominator, 
but this is easy since the latter is obtained from the classical one by replacing each scalar product 
(g, a) by the corresponding ^-number [(g, a)] q . The expressions for quantum Lie superfactorials 
given below, and therefore also the final conclusion (Theorem 1), follow directly from the tables 
given in section [6] 

Simply laced cases (ADE): 

• G = A r ~ SU(r + 1), £ = {1, 2, . . . , r}, and sf,(r) = sf Ar [q] = UlZl Mk- 

. G = D r ~ SO(2r),S = {1,3, 5,... N-3,N-1; N/2}, ancflsf^fe] = [N/2)l q UZdd~AWr 

4]\ q [5]!, [7}\ q [8]!, [11]!, 



• G = E 6 then sfg 6 [q] = [1 

• G = E 7 then sf Er [q] = [1 

• G = E 8 then si Ea [q] = [1 
Non simply laced cases: 

• G = B r ~ SO(2r+ 1), then £ = {1,3,5 



,[5]!, [7]!, [9]!, [11]!, [13]!, [17]!, 
,[7]!, [11]!, [13]!, [17]!, [19]!, [23]!, [29]!, 



. , 2r - 1} and sf Br [q] = Usee W« wnere 



WI, = [§]« [* " 1], [s " 2], ■ • ■ [3], [2], [1]„ and [1]!, = [1/2] 



• G = 

fslL 



G r - 5p(2r), then £ = {1, 3, 5, . . . , 2r - 1} and sf cM = Usee i s h where 



[2], [ 2 ]< 



2 J, 



J], [i] 4 Bnd 



[1]! 9 



G = F 4 , then £ = {1,5, 7, 11} and 



, 1 9 [1], I 2 ! 9 [2], PI? [2J, 



. G = G 2 , then £ = {1,5} and sf G2 [ 9 ] = [|], [|], 3, 2, 1, [±] g 

Classical limits. The limit lim,^i sf a t [q] of the quantum Lie supcrfactorial of type A r 
coincides with the superfactorial function sf(r) defined in [25]. More generally, taking the 
classical limit leads to the following integers or rational^: 



sf(r) 



BiA r = UZl si 



sfn. = 



— rr 1 

2r J- i-s,odd—l 



sf 



D, 



sf, 



iv n 2r_3 s' 



2 25 3 10 5 5 7 3 11 1 



sfr 



sf I 



n2r-l , 
s,odci=l S - 

1!5!7!11! = 2 15 3 7 5 4 7 2 11 1 



2 r( 
1 



2 6 2 



sf E , = 2 47 3 22 5 10 7 6 11 3 13 2 17 1 



sfr?, = 



1!5! 

-w = 40/9 



sf Bs = 2 97 3 47 5 21 7 14 11 8 13 6 17 4 19 3 23 2 29 1 
Notice that for non- ADE cases, the scaling factor is Jls^) 7 '' 2 wncrc the coefficients S s arc 
defined in footnote [T] 



Relation with the Barnes G function. When the argument is an integer, the quantum 
Barnes G function is related to the quantum supcrfactorial as follows: G,(r + 2) = Sf,(r), 

where Sf,(r) = n*=i [[ s W-qi witn [[ s W-q = Iln=i[[ n ]]«j so tnat ^ d in?ers f rom s f?( r ) = UlZl [ s V-q 
by a pre-factor: sf,(r) = q-(r+i)r(r-i)/6 G 2 (r + 2). The (classical, i.e., q H> 1) Lie superfactorial 
of type j4 r ~ SU (r + 1) coincides with the usual superfactorial. 

5 In the D r case, N — 2r — 2, and when r is even, N/2 appears twice. 
6 These numbers and sequences have been added to the OEIS [M] 
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4 Global dimension for a class of module-categories 8 



To say that we have a module-category £ associated with a monoidal category A amounts 
to say [21] that we are given a monoidal functor from A to the category of endofunctors of 
an abelian category £ . In this setting, we have also a centralizer or endomorphism category 
O(E) = Endj(£ whose Grothendieck ring is often called "Ocneanu algebra". The latter is 
naturally a bimodule over the Grotendieck ring of A (the "fusion algebra"). Assuming, as 
before, that all our categories are semi-simple, one can encode this bimodule structure with a 
collection of matrices ("toric matrices") W xy defined by mxn = Yly(W X y)m,n V, where m,n, . . . 
are simple objects of A and x,y, . . . simple objects of O(E). In particular, to every module- 
category £ is associated a matrix Z = Woo, where is the unit object of O(E). The matrix Z is 
such that Zoo = 1, and if A = Ak(G), which is a modular category, Z has the special property 
of being modular invariant, i.e., of commuting with the action of the modular group SL(2,1). 
This particular toric matrix Z (or its associated sesquilincar form) is often called in physics "the 
modular invariant", or "partition function". With the particular choice £ = Ak(G), the matrix 
Z is just the identity matrix. The other toric matrices W xy can be physically interpreted in 
terms of twisted partition functions (presence of defects in boundary conformal field theories, 
see [H]). Their matrix elements are non- negative integers (this applies in particular to Z itself). 
In the sequel, we only need to know that to every module-category £ over a modular category 
Ak{G) is associated a matrix Z that commutes with the action of SL(2,Z). 

We now assume that we are in the situation described in the discussion prior to Definition 
2, so that we have a conformal embedding of G at level k in a Lie group J, at level 1. This 
determines a module-category £ over the fusion category Ak{G) thanks to a construction that 
we do not need to recall because it will be enough, for our purpose, to show how the modular 
invariant matrix Z of £ is obtained from J. 

Notations. The group G and the level k being chosen, we simply call A = Ak(G). We also 
set J = Ai( J). We call G the set of (classes of) simple objects n of Ak{G), J the set of (classes 
of) simple objects a of Ai(J), and E the set of (classes of) simple objects a of £. At this point 
one should mention that G and E can be used as basis to explicitly describe the ring or module 
structures at hand in terms of matrices or graphs (the former being the adjacency matrices of 
the latter) called fusion graphs. For this reason, simple objects like n,a, a are sometimes called 
"vertices" of respective types G, J, E. 

Trigonometric identities for £ 

Call Z = J2 m ned Z m ,n m <8> n the partition function of £. We shall need later the (known) 
identity: 

MM Zm,n v{n) = ^2 V( n ) 2 (= 1-41) 

Indeed, from the expression of quantum dimensions of simple objects m, n of A in terms of 
matrix elements of the modular generator S, the left hand side reads ^2 m n So m Z m nSon/ Sq . 
The matrix elements So m are real and S is symmetric, so that the l.h.s. reads (SZS')oo/ Sq , 
or (ZSS^oo/Sqq since SZ = ZS from modular invariancc of Z. Unitarity of S together with 
the normalization condition Zoo = 1 imply that the l.h.s. is just I/Sqq, hence the result. 
The right-hand side of this equality being independent of Z (and therefore, of £), we see that 
the previous identity gives rise to trigonometric-like identities for every choice of £ . 

Induction-restriction functor and quantum dimensions 

It is convenient to think of A/£ as a homogenous space, both discrete and quantum. Classically, 
the dimension of the space r a of vector valued functions defined on the quotient of a finite 
group G by a subgroup E, and valued in a vector space a, can be calculated cither trivially 
as dim(a) x \G/E\ or non trivially, when a is a representation space for E, by decomposing 
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this space of functions T a (the space of sections of a vector bundle over G/E) into a sum of 
irreducible representations of G; this applies in particular to the case where a is the trivial 
representation of E, so that we obtain a decomposition of the space T (actually the algebra) 
of complex valued functions over G/E, and \T\ = dimiTo). Here T refers both to a discrete set 
and to its algebra of functions. 

In our situation, there is an induction- restriction functor |21j . so that the above still makes sense. 
Simple objects a of £ determine, by induction, objects T a of A that are usually not simple and 
can be decomposed into simple objects n of A: We write T a = X) n -|T n - Like in the classical 
situation, the (quantum) dimension of T a can be calculated in two ways : 

M( r a) = aild ^0.) = ^( a ) X l-^/^l 

where \A/£\ is defined as 

Let us mention the following results that will not be used in the sequel: there is a special 
object of £ , denoted 0, with quantum dimension equal to 1, and whose space of sections J- = Tq 
plays the role of an algebra of functions over a "quantum space" . J 7 is an algebra (a Frobenius 
algebra [5] ) in the category A. When a — the previous equation reads: = |-4./£|. If £ is, 
like here, associated with a conformal embedding, the set of its simple objects can be given a 
ring structure ( "self- fusion" ) compatible with the A action, playing the role of unity for this 
self-fusion. The modular invariant is then a sum of blocks (we are in the so-called "type I" case) 
and the decomposition of T into simple objects can be read from the first modular block of the 
partition function Z, or from the first line of the associated matrix. 

A simple formula for \E\ 

Because of the assumed conformal embedding of Lie(G) into Lie(J), objects of J ', and in 
particular simple objects (that we denote a) can be considered as objects of A. The Ta are 
usually not simple and can be decomposed (using restriction, or "branching" ) , with multiplicities 
Ag, as a sum of simple objects n of A. We write a E J C ob(J) T a £ obj(A), with 
T a = ^2 n A? n. We shall only need two results from the theory of conformal embeddings; 
although maybe written differently, they belong to the lore of conformal field theory, and they 
have been known for quite a while: 

• The partition function Z of the module-category £ , written as a sesquilinear form, is 
obtained from the partition function of J (the unit matrix) by merely replacing the simple 
objects a by their restriction T a to A. 

• For every simple object a of J , the object T a of A obtained by restriction can also be 
obtained, by induction from some simple object (also called a) of £. This determines a 
subset - also denoted J - the so-called "modular vertices" of the set of simple objects of 
£ . In other words, we can identify J with a subset of E. 

From the (trivial) modular invariant of J , namely 1 = ^ a £ g j <5 a g a ® b, we obtain Z = 
2a 8e J 8~ g Ta (8 Tg with T a = ^2 n£ Q^n. The modular invariant Z is therefore a sum of 

blocks Z a labelled by an indexing set J that can be identified either with the set of simple 
objects of J or with a particular subset of the set E of simple objects of £. Going back to 
quantum dimensions, we see that the general trigonometric identity for Z recalled in [4] reads 
here: 

|^| = ^( M (r a )) 2 

Using now the general formula relating /i(r a ) with /x(a), see section 01 one finds 

\A\ = Y J ^f-K\A/£\ 2 



s 



But J2ae.T ^(o) 2 = 1^1 is the S lobal dimension of J, so that = \ J\ x |.4| 2 /|£| 2 - 
Hence the final result {Theorem 2): \£\ 2 = \A\ x \ J\. 

Since the right hand side refers to global dimensions of the fusion categories A = Ak(G) and 
J = A\(J); it can be evaluated immediately thanks to the general formula of the previous 
section without having to compute the quantum dimensions of the simple objects of £ (one does 
not even need to know how many there are). 

In the case where we start from a conformal embedding of G into J, with J simple, but G 
only semi-simple, the above still makes sense. Writing G ~ G± x G2, there is a way to perform 
a reduction^] with respect to one of the two factors (there are actually several possibilities at 
this point), and one ends up with a module-category £\ associated with, say, |^4fe 1 (Gi)|. The 
partition function of £ is a sum of blocks (type I situation), as we have seen, but but it may 
not be so for £\ . The formula obtained for the global dimension of £ can be applied, and it is 
an almost trivial matters to obtain the global dimension of £\ for the former. 



5 Examples and applications 

5.1 Examples for Ak{G) and applications 

The main theorem giving |^4fe(G)| leads, for every choice of G, to fully explicit formulae that 

can be expressed in terms of "elementary functions", since [n] q = sin ( h ™ N J /sin ( k ^ N ^ . For 

convenience, we remind the reader the values of Coxeter numbers N, dual Coxeter numbers ./V v , 
and "long indices" A -1 for all Lie groups (the quantity A, used in the text, is the determinant 
of the fundamental quadratic form, i.e., the inverse of the long index). 
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12 
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30 
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4 
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r + l 4 


2 r 
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3 


2 


1 
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Using these values together with the definition of the quantum Lie superfactorial functions, 
one finds, for instance, that the global dimension of A^-i ~ SU{N) at level k reads: 

\MSU(N))\ = N(k + N)^ 

2^-1)^-1^2^-*) 

whereas, in the case of G2, it is: 
\A k (G 2 )\ = — 



k+N 



3(fc + 4) 



2 



{wm) sin2 sin2 (sfc) sin2 fe) sin2 (fr) 



^ 2 {-ih) 



These expressions can be used to study various kinds of limits. If we remember that r + rN 
gives the dimension dime of the Lie group G, we obtain the following "classical limit" : 

\Ak(G)\ - 7 , in particular, \A k (SU(N))\ - =• 

The level-rank duality property for Lie groups of type A^-i ~ SU (N) was observed in [10]; for 
the coefficient S*oo of the modular matrix S it implies: \fN Soo[An-x, k] = \fk Sqd\Ak-\,N\. 
In terms of global dimensions we have therefore 

\A k (SU(N))\ = N 
\A N (SU(k))\ k 



For example, when G = SU(2), there is a module-category called E7 associated with Ai&(SU(2)) that can be 
obtained from a semi-simple conformal embeddings SU(2) x 5*17(3) C Eg followed by a contraction (see for instance 
[U for details). 
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This equality can be used to get simple enough expressions for global dimensions of SU (N) at 
level k, when the rank N — 1 is large and the level k reasonably small. 

Notice that the above reads as a trigonometric identity for any choice a, b of positive integers: 



6-1 



2< 1 ' a \a + bf- 1 11 [ sin (-f^)] 2 ( b -s) = 2"( 1 -")( a + bf" 1 JJ [sin( 



a + b 



2(a-s) 



Using the previous asymptotic expression of \Ak(SU(N))\ for large k, the duality relation for 
SU (N) gives immediately another asymptotic expression when the level k is fixed and the rank 
r = N — 1 goes to infinity: 



\A k (A r )\ 



1 



( 27r )fc(fe-i) [ S f(jv-1)]' 



Higher sums 



The global dimension that was defined by summing squares of quantum dimensions n(n) over the 
simple objects n of a category Ak(G) appears as a particular case, for s = —2, of a generalized 
Ricmann Zcta function defined as (c(s,k) = J2 n f J, ( n )~ s - We did not address the problem of 
obtaining general formulae for this function when G is a simple Lie group and s is an arbitrary 
integer, but simple formulae should certainly exist. For instance, taking G = SU(2), we know 

that \Ak(SU(2))\ = Csu(2){— 2, k) = + 2) esc 2 (r^J , but we found some experimental 
evidence that for p integer, both even and positive, the quantity Csu(2) {~Pi k) is given, for levels 
k > p/2 — 1, by the expression (k + 2)4~ p / 2 (|) sin~ p (^jr^j- When p is even but negative, 
more involved expressions can also be found (the overall numerical factor is no longer a simple 
binomial coefficient and the monomial (k + 2) that multiplies sin _p (55^2) should be replaced 
by an appropriate polynomial of degree —p in the variable k). Wc hope that the perspective of 
proving or generalizing these observations may trigger the interest of the reader. 



5.2 Examples for £ and applications 

The list of conformal embeddings has been known for more than twenty years, see [TJ [T31 12"5] . 
For the sake of illustration we shall only remind the reader the list of conformal embedding for 
G = SU (g) Lie groups. There are three regular series and a few sporadic cases. 

Regular series. The following conformal embeddings are respectively called antisymmetric, ad- 
joint and symmetric (take G = SU(N) in all cases): 



k 



k = N -2, 
N > 4 
SU(N(N - l)/2) 



k = N, 
N>3 
Spin(N 2 - 1) 



k = N + 2, 
N > 2 
SU(N(N + l)/2) 



Sporadic cases. 



G 


SU{2) 


SU(3) 


SU(4) 


SU(6) 


SZ7(8) 


SU(9) 


k 


10 28 


9 21 


8 


6 


1 10 


1 


J 


Spin(5) G-2 


Eq E'j 


Spin(20) 


Sp(10) 


E 7 Spin(70) 


£ 8 



In order to apply the formula giving the global dimension of the categorjQ £k{G) associated 
to the chosen conformal embedding of G at level k into J (see theorem [2]), one only needs to 
know |^4fc (C) I and \ J\ = |^4i(J)|. Both being already given by the same general formula, there 
is nothing else to do. However, it may speed up calculations to determine the vector Q of 
quantum dimensions (with J components) and |„4i(J)| for all possible choices of J. This is left 
as an exercise to the reader, but the full answer can be found in [3]. Let us just mention that, 



sometimes called a "conformally exceptional quantum subgroup" of G 
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for J = SU (p) , the irreducible representations that exist at level 1 are the fundamental ones 
(p — 1 of them), and the trivial. All have quantum dimension 1, so that Q = (1, 1, . . . , 1), and 
\Ai (J) | = p. The global dimensions of the first few £k(SU(N)) measuring regular conformal 
embeddings of type SU(N) are then immediately obtained: 

• Regular antisymmetric series (k = N — 2, N = 4, 5, . . .). Using \J\ = N(N — l)/2, one 
finds \£ N - 2 (SU(N))\ = {12, 20 (2 + y/2) , 60 (5 + 2y/E) , 504 (7 + 4^3) , . . .} 

• Regular adjoint scries (k = N, N = 3,4, 5, . . .)• Using \ J\ = 4, one finds \£ N (SU(N))\ = 
{12,16 (2 + V2) ,40 (5 + 2^) ,288 (7 + 4^3),...} 

• Regular symmetric series (k = N + 2, N = 2, 3, 4, 5, . . .)• Using |J| = N(N + l)/2, one 
finds \£ N+2 (SU(N))\ = {6, 12 (2 + ^2) , 40 (5 + 2^ , 360 (7 + 4^3) , . . .} 

Notice that for G = SU(2) the only regular embedding is symmetric (it is at level 4, 
with J = SU(3)), the associated "conformally exceptional quantum subgroup" £±{SU(2)) is 
described by the fusion graph D4 (the usual Dynkin diagram of Spin(8)), it has four sim- 
ple objects with quantum dimensions l,l,l,\/3, so that we could recover \£^{SU{2))\ = 6 
by summing squares. Still taking G = SU(2) we see that we have also two sporadic em- 
beddings, into Spin(5) and G 2 ■ one recovers the exceptional £\q{SU(2)) and £2%{SU{2)) 
respectively described (and usually denoted!) by the fusion diagrams Eq and E$, i.e., the 
usual Dynkin diagrams. Using \Ai(Spin(5))\ = 4 and |-Ai(G 2 )| = |(5 + y/5), together with 
\A k (SU(2))\ = (l/2)(fc + 2)/sin 2 (7r/(fc + 2)), one obtains the global dimensions \E e \ = 4(3 + V3) 

and = —(15(3 + V5) + \J 30(65 + 29^5)), that could also be directly obtained, in those 

relatively simple two cases, by summing six or eight squares. 

Before ending this section, let us mention that the adjoint conformal embedding exists for all 
Lie groups (an embedding of G at level k = 7V V , its dual Coxeter number, into Spin(dim(G)). 
For instance, the largest "conformally exceptional quantum subgroup" of the simple Lie group Eg 
is obtained from the embedding of ^o^s) into Ai(Spin(248)) = -4i(Z?i24) whose global dimen- 
sion is 4 (no calculation needed: the only representations of D r that exist at level 1 are the trivial, 
the vectorial, and the two spinorial, all of q-dimension 1). The global dimension of the associ- 
ated module-category is therefore: \£ 3 n(Es)\ =2x — F — rrar 

6 ' V " 2120 [l] !g [7]!,[ll]!,[13]!,[17]!,[19]!,[23]!,[29]!, sin[^ u 

where one should use q = exp ^ since N = 30 and k = 30. 



6 The periodic quiver representation of the Weyl vector 

The main result of the first section relies on an explicit determination of the Weyl vector, both 
in quantum and classical cases, or more precisely, on the collection of its scalar products with all 
roots of the chosen simple Lie group. Of course, this could be obtained by a variety of means, 
but it is more in the spirit of the present paper to obtain in this information by making use 
of the correspondence [2] existing between module-categories of SU (2) type and ADE Dynkin 
diagrams. Using this correspondence, a formula giving the inner products of roots, for some 
chosen simply-laced simple Lie group, in terms of the fusion coefficients defining the action of the 
category Ak(SU{2)) on an appropriate module-category Q, was given (using another language) 
in [T5]. More generally, the weights of a simple Lie group G with Coxeter number N = k + 2, 
thought of as integral functions on the space of roots, can be described in terms of such fusion 
coefficients. We introduce in the next subsections a set of matrices that precisely encode this 
information and are related both with the intertwiners of conformal field theory (those of a 
SU (2) - WZW model) and with the so-called periodic Auslander-Reiten quiver. We shall study 
separately the simply and non-simply laced cases and finally give the resulting expressions for 
the Weyl vector, from which the stated results for the Weyl denominator follow. The quantum 
situation is handled without further ado by just replacing the value of each scalar product (for 
instance in the Weyl formula) by its q-number analog. 
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6.1 Periodic essential matrices (simply-laced cases) 



The fusion category Ak(SU(2)) possesses k + 1 simple objects (n) € {(0), (1), (2), . . . , (fc)}. The 
Grothcndieck ring (the fusion ring) has one algebraic generator a = (1) and the unit is (0). The 
other linear generators are obtained by the Chebyshev recurrence (n) = ( n — 1 ) a — ( n — 2 ) . 
Moreover, we have one relation: ( fc + 1 ) = which implies ( k — 1 ) = (k) a. These result are well 
known and rely on the fact that the same recurrence (but not the extra relation ( k + 1 ) = 0) 
holds for the representation theory of SU (2) itself. 

In the previous sections, the symbol £ used to denote some module-category of type G 
(a Lie group), but in the present section we shall, on purpose, always denote the module- 
categories of type SU(2) by the symbol Q. In other words, Q = £n-2(SU(2)). The chosen 
Dynkin diagram G is called the fusion diagram of Q because its adjacency matrix (also called 
G) describes the action of the generator a of the fusion ring of SU{2) on the simple objects of 
Q: a x a = J2b G a ,bb. Indecomposable module-categories Q of type SU(2), i.e., associated with 
Ak(SU(2)), are classified by simply laced Dynkin diagrams. This classification was first obtained 
by theoretical physicists in the framework of conformal field theories (CFT) (classification of 
modular invariant partition functions for the WZW models of type SU(2), [2]). It was set in 
a categorical framework by (2T] [15]. Because of this correspondence, to every vertex a of a 
simply lacecH Dynkin diagram G with r vertices and Coxeter number TV one can associate both 
a fundamental weight cu a of a Lie group G, and a simple object a of an SU (2) module-category 
Q at level k = TV — 2 (this 2 stands for the dual Coxeter number of A\ ~ SU(2)). When 
Q = Ak(SU (2)) itself, the Dynkin diagram is Ak+i, and the choice of a vertex determines either 
a fundamental weight of SU(k + 2) or a simple object of Ak{SU (2)) belonging to the ordered 
set (0), (I), (2), ... , (k). This vertex can also be referred to by its position (notice the shift by 
1) in the list (1, 2, . . . , k + 1). 

The adjacency matrix of the chosen Dynkin diagram is symmetric since we assumed that it 
is simply laced (the Cartan matrix is 2 — G). We then consider the r x r matrices F n = F( n -i) 
defined by the following (Chebyshev) recurrence relation (that implies F^ = G): 

F n = F n -\.G — F„_2, Fq — 0, F\ = 1 

These matrices, sometimes called "nimreps" or "annular matrices" in CFT, encode the module- 
action of the fusion ring of SU(2) at level k on the Grothcndieck group of G, which is au- 
tomatically a Z_|_ module (its structure constants {F n ) a b, labelled by simple objects a, b of Q, 
and defined by (n)a = J2b(-^(n))ab b are non negative integers). The matrices themselves are 
labelled by the simple objects of Ak(SU(2)), i.e., by integers belonging to the prescribed range, 
but if we take instead neNwe notice that the sequence F n is periodic with period 2N, where 
N = k + 2 is the Coxeter number. The first k + 1 members of the sequence have non-negative 
integer matrix elements, but Fq = Fn = -Fiiv = 0, and the next k + 1 members have non- 
positive matrix elements since they obey F^+m = — -fjv-m for all positive integers m. From the 
family of square matrices F n one defines the rectangular matrices r a = (x a ) n b = {F n ) a b, where 
a,b G G. If we take l<n<iV — lwe obtain r rectangular matrices r a (one for each vertex of 
the Dynkin diagram G) with N — 1 lines and r columns called intertwiners in conformal field 
theory, or "essential matrices" . If we allow the index n to run from to 2N — 1 (or from 1 to 
27V), the obtained matrix elements are integers of both signs, but the obtained matrices should 
be considered as periodic in the vertical direction because of the the periodicity of matrices F n . 
In our context, we shall take instead < n < TV — 1 (or 1 < n < TV), the essential matrices have 
now TV lines, but the first line (or the last line) is null. More precisely, we proceed as follows. 

ADE Dynkin diagrams are bipartite (they are trees), we declare the first vertex v of a long 
branch of the chosen diagram G to be even (dv = 0), and grade the other vertices accordingly. 
This defines a Z 2 grading a £ G da € Z 2 on the vertices. In particular, for G = Ajy-i, we 
take 9(0) = dl = 0, d(l) = 82 = 1, and more generally d(s) = smod 2, so that the grading 
is also compatible with the module action. We now define, for any vertex a of G a rectangular 

dual Coxeter number and Coxeter number coincide: TV V = TV 
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matrix e„ , of size r x TV, and matrix elements (e+ )„{,, with 6 € G and n € {1, 2, . . . , TV}: 

If 9a = 0, (c+)„ b = (F„) ab 
If 9a = 1, (e+)„ 6 = (F n _i) o6 

The first line (resp. the last line) of e+ is null when a is odd (resp. even). For an arbitrary 
weight uj = J2 a ^aU a , of G, with A a g Z if a; is integral, we set e + (w) = ^ a ^« e+ ( w a), with 
c + (ui a ) = • In particular, for the Weyl vector g = Y^ a ui a , we obtain c + (g) — J2 a e a ■ 
Because of the horizontal ^-grading (bipartition of the vertices of G) and vertical ^-grading 
(Chcbyshcv recurrence formula for F n ) the matrix elements of c+ vanish in position (n, b) when 
n and b are not both even, or both odd, for all possible choices of a <G G. For this reason, let us 
call 1Z + the discrete set obtained by keeping only those matrix elements (thought as functions: 
a € G — > (e„ )„6 € Z) that are either simultaneously even or odd for both n and b. This discrete 
set with r x AT/ 2 elements can obviously be identified with the set of positive coroott0 of the 
Lie group G since the cardinality of the set of all coroots is r x N. 

Using the action of some bipartite Coxeter element on the set of roots or coroots, a known 
construction, see [TB], attaches to every simple Lie group a particular periodic quiver whose 
vertices are precisely associated with roots (or coroots). We do not need much from this con- 
struction here, but we shall use nevertheless the little known fact, both stated and generalized in 
pjj] , that the discrete set 1Z + , constructed previously, provides a geometrical snapshot of (half 
of) this periodic quiver. This result can be precisely formulated as follows: 

Let uj be an arbitrary weight associated with the simply laced Dynkin diagram G, of Coxeter 
number N = k + 2, then e + (w), with matrix elements (e + (u;))nfc dehned as above in terms of 
fusion coefficients of the category Ak{SU(2)) acting on a module-category Q also described by 
the graph G, gives the scalar product^^ between the weight uj and the positive coroots of G 
located at positions (n, b) of the table 1Z + . 

By allowing the range of indices n, in the previous definition of t„, to be {1, 2, ... , 27V} rather 
than {1,2,..., TV}, we would obtain periodic essential matrices e a and recover all (positive and 
negative) roots 1Z, but in the present article we shall only need the positive ones. 
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The Chebyshev recurrence relation using the adjacency matrix G of Eg has a period 27V, 
with TV = TV V = 12, so that from the definition of matrices e + , we obtain 



10 Since, in this section, G is simply laced, we could write "roots" instead 

11 As usual, the scalar product is relative to the euclidean structure determined by the inverse of the Cartan matrix 
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00 001 000 

1 1 1 

Oil 010 010 

111 101 110 

120 110 111 

+ _ 2 1 1 + _ 1 1 0+_ 1 1 1 

c 4 ~~ 1 2 1 > C 5-Q 1 1 > c 6-o 2 

121 Oil 111 

021 010 111 

111 100 110 

110 100 010 

100 000 001 

The scalar products between an arbitrary weight uj = \ a u> a and the simple positive 
coroots are encoded by the table c + (lu) = ^« z a- I n particular, for the Weyl vector itself, 
g = J2a w u we obtain c + (g) = J2a z t i hence the result. As discussed previously, we only list the 
relevant entries, i.e., those that are even for the total Z2 grading. Finally, by multiplying all the 
values of t + (g). one obtains T> — 1! 4! 5! 7! 8! 11! = YiseExp(E 6 ) s - = s ^e 6 , as it was announced. 
Remark: calling {u} a } the basis of fundamental weights and {Pb} the (dual) basis of simple coroots with 
respect to the scalar product (•,■), i.e., (uj a ,l3b) = Sab, we have g — to a , so that (g,/3 a ) = 1 for all 
a 6 G. This determines the positions of simple coroots (among all positive coroots) on the vertices of 
the half-quiver 1Z + . Arrows on a quiver, for instance on c + (g), run from top to bottom and follow the 
pattern determined by the folded Dynkin diagram drawn on the side (it should be reflected every two 
steps when going downwards). 



6.2 Periodic essential matrices (non simply-laced cases) 

When the simple Lie group G or rank r is not simply-laced we still call G the non-symmetric 
matrix such that 2 — G is the Cartan matrix. G is the adjacency matrix of a graph that also 
characterizes the chosen group. We still define matrices r x r matrices F n , with integer matrix 
elements, by the same Chcbyshcv recurrence relation as in the simply-laced case (section l6.1|) . 
The sequence is again periodic, of period 2N, where TV is the Coxeter number of G, which now 
differs from the dual Coxeter number A^ v . 

For Lie algebras G2, F4 and B r wc follow the convention of drawing the short roots to the 
right, with scaling factorj^l respectively equal to (1, 1/3), (1, 1, 1/2, 1/2), and (1,1,..., 1, 1/2). 
For the Lie algebra C r we draw short roots to the left, with scaling factors (1/2, 1/2, . . . , 1/2, 1). 
Remember that long roots have norm 2. Using the above drawing conventions, we attribute 
a Z2 grading dv = to the leftmost vertex v, and grade the other vertices accordingly, in an 
alternating way. We now can, in exactly the same way as in the simply-laced case, define matrices 
e+, periodic essential matrices e a , and more generally, matrices c + (uj) or e(oj) for each weight uj of 
G. Again, keeping only the matrix elements of e+ (thought as functions on fundamental weights) 
that arc simultaneously even or odd for both gradings of lines and columns, one obtains a discrete 
set with r x N/2 elements that can be identified with the set of positive roots, or with the set 
of positive coroots, of the group G. However, in the non simply-laced case, roots and coroots 
differ: the matrices e+ just constructed give the scalar products between fundamental weights 
uj a and all positive coroots (they are indeed non-negative integers) but the scalar products with 
the corresponding roots are obtained by introducing scaling factors for each orbit (columns of 
the quiver 1Z + i.e., vertical lines of matrices e a ), equal to the already recalled proportionality 
factors relating simple roots and simple coroots. These factors are non-trivial (not equal to 1) 
when the corresponding orbit is an orbit of short roots. Wc shall denote e+, and more generally 
e + (w), for an arbitrary weight u>, the table encoding this information, i.e., the collection of scalar 
products between oj and all the positive roots. In particular, the Weyl denominator used in the 
first part of the paper is obtained by multiplying all the entries of e + (g). 

Remark. For SU(2) at level k, the duality n — >• n, corresponding to complex conjugation of repre- 
sentations, is trivial. As it is well known, this rules out the non-ADE Dynkin diagrams as describing 

12 The scalar product between fundamental weights is given by the elements of the (symmetric) matrix obtained 
by multiplying the inverse of the Cartan matrix with the diagonal matrix of scaling factors. 
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possible fusion graphs for module-categories over Ak(SU (2)) since the matrices describing the structure 
constants of the fusion ring of the latter, or its action on the associated modules, should be symmetric. 
Nevertheless, like in the ADE cases, the matrix elements of the F n 's (or, rather, of the e a 's) still describe 
the scalar products between fundamental weights and coroots of a non simply-laced Lie group specified 
by the choice of the adjacency matrix G. 
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The Chebyshev recurrence relation using the adjacency matrix G of F4 has a period 2N, 

with TV = 12 (here N v = 9), so that from the definition of matrices e + , we obtain 

10 00 11 00 

10 10 11 01 

02 12 12 01 

12 22 21 10 

12 14 13 11 

+ _ 2 +_ 3 2 + _ 2 2 + _ 1 1 

c l _ l 2 ' c 2 - 2 4 ' e 3-i 3 > e 4 - 2 

12 32 21 11 

02 14 12 11 

10 22 11 10 

10 12 1 1 

1 1 



The scalar products between the Weyl vector g = w a an< ^ the positive coroots are 
obtained as c + (g) = Yla e a > an( ^ displayed above. However, the scalar products between the 
Weyl vector and the corresponding positive roots are obtained by scaling the last two columns of 
e + (g) with a factor 1/2. By multiplying all the values of e + (g), one obtains V = 1! 5! 7! ll!/2 12 = 

(1/2 12 )IU £x P (Fi) s - ~ S ^4- Notice that the quantum Weyl denominator is obtained from the 
classical one by replacing the scalar products themselves by their q-analogs, so that for instance, 
7/2 becomes [7/2] q , and this is not equal to [7] 9 /[2] 9 . By multiplying the q-analogs of all entries 
of the table t + (g), we recover the expression of the quantum superfactorial function of type F4 
that was given in section [3] 



6.3 Other cases 

Using the same method, and for every choice of the Lie group G, it is easy to determine the 
e a , for all fundamental weights. Since we are only interested in the Weyl vector, and in the 
collection of its scalar products with positive roots, we only give the tables displaying c + (g) 
when G is simply laced, and t + (g) when it is not. Results for the exceptional cases G2, £7 and 
i?8 are gathered in table Q] (the cases E§ and -F4 have been described already). As explained in 
the last part of section 3, we focus our attention on the exceptional cases because, when G is 
not exceptional, the results needed to prove lemma 1, should be known. Nevertheless, we also 
display the cases Aq, Bq, Cq, Dq, in table [5] in order to illustrate what happens when G is a 
member of the classical series. 



6.4 Miscellaneous remarks 

General Q. The quiver interpretation using periodic essential matrices is not needed if our 
only goal is to determine the collection of scalar products entering the table e + (g) since the 
same information is already contained in the matrices F n . However, from their definition, one 
sees immediately that the coefficients of the table c + (g) appear twice in the r x N matrix 
(Ei=i((^n)a,6 + (-fn-i)o,6))i indexed by (a, r) with a = 1, ...r and n = 1,...N. Therefore, the 



15 



G 2 



E 7 



1 


3 


1 


4 


1 


2 


1 


2 


5 


6 


10 


5 


3 


3 


3 


7 


!) 


14 


8 


5 


7 


4 





12 


16 


11 


6 


7 


5 





13 


17 


11 


5 


9 


4 


8 


13 


15 


11 


6 


8 


4 


6 


10 


12 


10 


4 


7 


2 


4 


8 


7 


6 


2 


5 


2 


1 


3 


1 


3 


1 


2 



Eg 



1 




1 




1 




1 






3 




3 




3 




2 


2 




5 




7 




2 






4 




9 




(i 




5 


2 




8 




13 




4 






(i 




12 




11 




8 


4 




10 




18 




7 






8 




16 




14 




10 


4 




14 




22 




7 






10 




20 




15 




12 


6 




10 




25 




8 






12 




21 




18 




13 


6 




17 




27 




10 






11 




23 




19 




14 


5 




17 




20 




9 






11 




23 




19 




15 


6 




17 




28 




10 






12 




22 




19 




13 


6 




17 




26 




9 






11 




21 




16 




15 


5 




15 




24 




7 






9 




18 




15 




11 


4 




12 




20 




8 






7 




14 




13 




9 


3 




9 




16 




5 






5 




11 
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1 




1 




1 



Table 1: Values of the Weyl vector on the half-quiver of positive roots. Cases G2, E7, Eg 




Table 2: Values of the Weyl vector on the half-quiver of positive roots. Cases A e , D e , Bq, Cq. 
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square of the Weyl denominator of the simply laced simple Lie group with rank r and Coxeter 
number N defined by a Dynkin diagram G is obtained as: 

N r r 

II II E ( F n + Fn-l)a,b = V 2 = (sf G ) 2 
n—1 a—1 b—1 

where the F n are the r x r matrices ("SU(2) nimreps") describing the module structure of the 
categorical module Q, specified by a fusion graph identical to the given Dynkin diagram, over 
the fusion algebra of Ak(SU(2)) at level k = N — 2, and where we also set Fq = Fn = 0. The 
last term n~N docs not contribute to n^Li' so that we could restrict the range to n^T] 1 - 
If the given simple Lie group is not simply laced, the same formula gives the square of the 
product, over all positive coroots, of the scalar product between g and the positive coroots, so 
that in order to obtain a product over all positive roots one has to introduce known multiplicative 
factors (1/2 or 1 /3) into the appropriate columns of the matrices F n +F n -i . The resulting overall 
multiplicative factor (with q = 1) appears in the definitions of the Lie superfactorial functions 
given at the end of section [3] 

Special case Q = Ak(SU(2)). In this particular case where G = Aj-+i ~ SU(k + 2), the 
chosen module is the fusion algebra itself, the F matrices coincide with the fusion matrices 
and we may take all indices a, b and n from ltor = fe + l = JV— 1. The fusion coefficients 
Fp^ m ,n = (Fp) m ,n are now completely symmetric with respect to permutation of their indices 
since the conjugation of representations is trivial for SU(2). Using this property one can re- write 
the left hand side of the previous equation as fln=i Sp=i C^p + Fp—i)m,n- Defining the 

path matrij^l X = J2n=i F n , and the rotated path matrix X = X.X, with A the cyclic operator 
circularly permuting the lines, and using Fq = 0, one obtains: 

H (X + X) m , n = 2 r (sf(r)) 2 
With the previous definition of X, the above equality is valid for Q = Ak{SU(2)) only. 



Fourier-like considerations. 

Relating the Weyl denominator of a simple Lie group, as we did, to matrices F n describing mod- 
ules over SU (2) at level k, leads, if we diagonalizc those matrices, to non-trivial identities relating 
trigonometric lines, sums of Chcbyshcv matrix polynomials, and superfactorial functions. 

For a chosen module Q over Ak{SU (2)) , equivalently for a simply laced Dynkin diagram G, 
the eigenvalues of the matrix G = Fqj = F2 arc Ai = 2cos(ej tt/N), where ej, {j G 1, . . . ,r} 
belong to the multiset of exponents, denoted Exp. Their set is included into the set of exponents 
of Ak(SU(2)) , ie into {1, . . . ,N — 1} with k = N — 2. From this point of view the exponents 
of Q (or of G) can be considered as a particular family of simple objects of Ak(SU(2)), possibly 
coming with multiplicities. A more traditional approach to exponents defines them from the 
eigenvalues exp(2inej /N) of some (arbitrary) Coxeter element, but the definition adopted here, 
using the adjacency matrix of a fusion graph (here a Dynkin diagram) and Perron-Frobenius 
theory, can be generalized to higher situations where SU{2) is itself replaced by a more general 
Lie group. 

Since the F n matrices can be obtained from F2 by a Chebyshev recurrence, they can be 
expressed as matrix polynomials F n = C/„_i(G/2), where U n (z) = d n f[t,z]/dt n \t=o are 

13 X can be defined for an arbitrary Q and the terminology comes from the fact that its elements give the dimensions 
of the vector spaces of essential paths [18] , [28] , on the fusion graph (also the dimensions of the vector spaces underlying 
the Gelfand-Ponomarev preprojective algebra associated with the corresponding unoriented quiver). The sum over 
columns of X gives the height vector. In the particular case G = SU(N), X is a r x r matrix of increasing concentric 
rectangular rings of integers starting from 1 on the four sides. 
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-2tz + l 



that arc such 



the usual U-Chebyshev polynomials with generating function f[t, . 

that U n [cos9) = sin((n + 1)8)/ sin(0). For this reason, the F„'s constitute a commuting family 
of matrices with eigenvalues A n _i with A„ = sin((n + l)ej tt / TV) / 'sin(ej7r / TV) . To simplify the 
discussion, we assume, in the rest of this section, that the chosen Dynkin diagram G is simply 
laced (the matrix G is then symmetric). Calling $ an r x r unitary diagonalizing matrix for G, 
we write F n = 'ft diag(A„) 'J, where diag(A„) is a diagonal matrix with the above eigenvalues. 
Then 

N r r 

nnz 



<3> t diae 



= 1 a=l 6=1 



Sill 



' 7T6j , TTSEj 

,2JV ' ~N~ 



,2N / 



(sfc) 2 



a,b 



For instance, with G = Eq, Exp = {1, 4, 5, 7, 8, 11} and *S? as chosen below, the above expression 
is indeed equal to (1!4!5!7!8!11!) 2 . For this example we set 



2V2 



0- 


0+ 




0+ 


0- 


^20- \ 


x'2 


</3 





-V2 


-V2 





0+ 


0- 




0- 


0+ 




+ 


-0- 


-V2<fr- 


-0- 


0+ 




v-2 


-x/2 





V^2 







<t>- 


-0+ 


V2<f>+ 


"0+ 


0- 


~V2<t,_ ) 



with = 



3 ± 



In the particular case Q = Ak(SU(2)), where the chosen module is the fusion algebra itself, 
one can take for ^ the ^-matrix itself representing one of the two generators of SX(2,Z). 
Expressing the fusion matrices in terms of matrix elements of S alone is an identity known 
as the Verlinde formula [2B]. Here we only need the matrix S for SU(2), which is S m , n = 

Evaluation of the Weyl determinant then leads to the identity: 



£sin(^p; 



JV-l JV-l JV-1JV-1 



7TJ_ TTJS 



s — l m— 1 n—1 j — 1 



N 



N 



N 



TTJ_ 

2N 



N-l 

( S f[iv-i]) 2 = n s p 

s=l 
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